R & D NOTES

A Note on Instabilities in Rapid Coating of Cylinders

The coating of wires and fibers is an important indus-
trial process with regard to the coating and protection of
optical fibers for communication systems. A coating of uni-
form thickness is required, and therefore the question of
the stability of a coating flow is paramount.

In this short note, we wish to expand upon three aspects
of both old and recent work on this problem. The first
involves a reinterpretation and strengthening of a method
due to Deryaguin (1945) for computing the maximum
coating thickness in open-bath withdrawal. The second
section treats the linear stability of coating flow using long-
wave expansions, as recently reported by Lin and Liu
(1975) and Krantz and Zollars (1976). The surprising
prediction is that there exists an optimal coating speed in
open-bath coating. We conclude with some tentative re-
marks regarding the onset of instabilities.

PREDICTION OF FILM THICKNESS

Coating of fibers is typically performed in one of two
modes, either by drawing through a die or by open-bath
withdrawal. In the latter case, the prediction of the final
film thickness is a problem with a large and sometimes
confusing literature, For convenient summaries, see Dery-
aguin and Levi (1964), Tallmadge and White (1968),
and Gutfinger and Chiu (1971). Consider a cylinder of
radius R, withdrawn from a bath with velocity V, resulting
in a coating of thickness h — R. Dimensional analysis shows
that the dimensionless film position ¢ = h/R is a function
of at most three dimensionless groups. Convenient choices
are Ca = uV/o, capillary number; T = pgR%/uV, inverse
pulling speed; and Re = pVR/u, Reynolds number. With-
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drawal theory then seeks to establish a relationship be-
tween £ and the remaining groups. [It is well known that
the choice of groups is not unique. Other authors have
used different dimensionless groups. In particular the so-
called Goucher number, Go = (CaT/2)*% is also in com-
mon usage.] We will focus here on inertialess, high speed
coating, Re — 0, Ca — oo, since the application involves
rapid coating with liquids of high viscosity on thin optical
fibers.

Deryaguin (1945) has considered the related problem
of high capillary number withdrawal of plates. He ob-
served that in this limit, the final film thickness is that
which results in a maximum volume flux of liquid being
entrained by the plate. We will show that this observation
is a result of assumptions commonly made in withdrawal
theory. These assumptions are that there is strictly one-
dimensional flow in the film and that surface tension has
no effect upon the meniscus, the shape, or the final film
thickness as Ca —> . It is easy to show that, given the
first assumption above, the velocity profile is

u(r)=1—T(l;-T2+§2h;r) (1)

where u, r are made dimensionless with respect to V, R,
respectively. The dimensionless volume flux is

Q:j;eu(r)dr-.:?;l

£-1 -1 ghe (£2-1)
_T(8—16+4_ 8 )(2)
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Fig. 1. Dimensionless film thickness as a function of T.
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Fig. 3. Growth constant vs. wave number, case B.

Now, in the limit of zero surface tension, the film thickness
is an abruptly changing function of distance measured in
the direction of movement of the cylinder. (Of course, sur-
face tension acts in the immediate vicinity of the meniscus
to relieve the singularity.) If we adopt a reference frame
that moves with the cylinder, the interface recedes as a
shock or singular surface. The flux relative to this frame

is simply
, (&-1)
C=Q-—F— 3)
The kinematic condition relating ¢ to Q@ reads
0 1 o
€, L, (4)

ot & oz

It is well known that (4) admits steady shocklike solutions
£(z,t) = €(z — ct) if the shock speed

1 6Q
C=— — 5
& o¢ (8)
However, ¢ = —1 by our choice of reference frame, so

combining this with (3) and (5), we find that ¢ and T
are related via the equation dQ/d¢ = 0; that is, the final
thickness is indeed that resulting in the cylinder entraining
a maximum flux of fluid. Thus, Deryaguin’s result is re-
covered.

The final thickness at high capillary number is thus
given as a solution of

T(1;§2+§21n£)=1 (6)

Page 588 July, 1977

20

T=1.25x10-4
Go=1.58x 1072
€=10

1.5
- o~ -
(8]
S _833x10

0.5

5x10-%
2.5x 1075
0 ———T [l
0.0 0.5 0.
a
Fig. 2. Growth constant vs, wave number, case A.
60
Go=1.58x {0~ 2
o T=5x10"4
40
8.33x105

Ty B
]

ZOT-

Fig. 4. Growth constant vs, wave number, case C.

obtained by the relation §Q/9¢ = 0. We will denote the
solution of (8) as ¢*(T').

We have numerically determined the roots of Equation
(6) over a wide range of values of T. The dimensionless
film thickness (¢§* — 1) is shown in Figure 1 as a function
of the independent parameter T. We see that the solution
does not vary significantly from that for plates, which in
these variables reads T (¢* — 1)% = 1. Figure 1 reproduces
results of Gutfinger and Tallmadge (1964), which were
derived by solving the initial value problem for Equation
(4).

Comparison of high Ca theories with experiment shows
that the predicted film thickness represents an wupper
limit to that observed experimentally. Finite surface ten-
sion, inertial effects, and two-dimensional flow in the
meniscus all serve to reduce the final thickness (Gutfinger
and Chiu, 1971).

LINEAR INSTABILITIES

We wish to examine the stability of the final rectilinear
flow with respect to long surface waves which are well
recognized to occur in film flows of this type. Because of
the fact that there is a nonzero mean radius of curvature,
the film will always be unstable to a capillary mode first
discussed by Rayleigh and extended by Goren (1962).
While the present work was near completion, Lin and Liu
(1975) published an essentially equivalent treatment of
the stability problem. Thus we will only briefly detail our
own results.
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Through the use of long-wave expansions, one may
develop an instability theory which describes the fate of
small surface disturbance waves of the form n = 7, exp[ia
(2 — ct) . Expansion of all dynamic variables in an asymp-
totic representation for small « yields an evolution equation
for n(z,t) (Lin and Liu, 1975; Atherton and Homsy,
1976). From this equation, the complex wave speed ¢ may
be calculated. As is common in long wave expansions of
this type, the leading terms are ¢ = ¢, + iac; + 0(a?).
Thus, the wave is nondispersive, travels with wave speed
¢, and has growth constant (ac¢y). The results are alge-
braically complex; we record for future reference the re-
sult for ¢o, namely

1—¢
2

COZI—T(

+eing) (7)

We have computed the growth constant (ac;) as a func-
tion of wave number « for the following parameterizations:
case A—fixed ¢, varying {T, Ca} corresponding to die coat-
ing with a fixed die gap, fixed fluid, but varying pulling
speed; case B—fixed Ca, fixed T, varying ¢ = £*, corre-
sponding to die coating with fixed fluid and coating speed,
varying gap; case C—varying Ca, T, but fixed Go, with
¢ = ¢, corresponding to high Ca open-bath coating, with
varying coating speed. Figures 2, 3, and 4 give the growth
constants for each of these cases, respectively. The chosen
values of Go were appropriate to the application alluded
to in the introduction.

Figure 2 (case A) indicates that at a fixed thickness
and varying speed, the growth constant decreases with in-
creasing speed, and that the wave number of maximum
growth remains approximately constant. The decrease of
the growth constant with increasing speed for fixed ¢ may
be understood by noting that as T — 0, fixed ¢, the veloc-
ity profile becomes more like a plug flow, thus eliminating
the long surface wave which relies on the base flow shear
for its energy.

Figure 3 for fixed velocity, varying thickness illustrates
this same trend. As the thickness increases, the growth
constant also does, indicating the increased importance of
the shear wave; there is a slight shift to shorter waves in
this particular example, but the opposite trend was ob-
served for higher values of T (lower pulling speeds).

Figure 4 for fixed Go, with T and ¢ determined from
Figure 1 (open-bath coating), is perhaps the most inter-
esting. It shows a decrease followed by an increase in the
growth constant for increasing coating speed (decreasing
T). We interpret this as follows. At low speeds, the Ray-
leigh-Goren capillary mode is the dominant instability
mechanism. For moderate coating speeds, the film thick-
ens, resulting in an increase in the mean radius of curva-
ture of the interface and hence a decrease in the growth
constant for capillary pinching. At still higher speeds, how-
ever, the film becomes quite thick, and the surface waves
owing to the shear in the base state profile ultimately
dominate.

Finally, we wish to note an interesting feature of the
instability in open-bath coating. Combining the expression
for the wave velocity with the relation between T and ¢*,
we find that the phase velocity in open-bath coating is
zero. The onset is therefore predicted to be nearly sta-
tionary in space, oscillatory in time. On the other hand,
for die coating at high speeds, the phase velocity will be
close to the cylinder velocity, as it would be for a simple
capillary mechanism.

THE WAVE ONSET PROBLEM

Even though the growth rate and wave have been com-
puted from the above results, the problem remains of pre-
dicting the distance past a die or the surface of a bath
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at which waves first become visible. There is virtually no
information on this problem in the literature for coating
on cylinders. Gutfinger and Chiu (1971) apparently ob-
served both capillary and long-wave instability modes but
did not make a careful study. However, there are experi-
mental studies available for both flow down a flat plate
(see references in Atherton and Homsy, 1973) and the
closely related problem of plate withdrawal from an open
bath (Tallmadge and Soroka, 1969).

In the case of film flow, there exists an upper portion of
the film which is virtually flat. At a reasonably well-defined
distance, waves appear on the interface. Experiments show
that this distance is a strongly decreasing function of
Reynolds number. Using the theoretical growth rates and
the experimental data, Atherton and Homsy attempted to
back calculate the amplification experienced by a dis-
turbance in its growth to visibility. The results obtained
were inconclusive.

Tallmadge and Soroka (1969) have observed wave in-
stabilities in the related problem of plate withdrawal from
an open bath. They found empirically that the wave-point
criterion (that is, the velocity at which waves were ob-
servable in their apparatus), was well correlated by use of
a Reynolds number based upon film thickness and the dif-
ference between the plate velocity and the average film
velocity. This differs from the definition introduced above,
so we use Re’ to denote this Reynolds number. Thus, Re’
= p(V—u)h R). Using this definition and the results

»
above, we find that Re’ is, in fact, proportional to the
growth rate of long waves, Tallmadge and Soroka’s wave-
point criterion Re’ ~ 0(1) apparently states that for their
apparatus, the dimensionless growth rate had approached
0(1) when the waves experienced an amplification suffi-
cient to become visible,

If we adopt the criterion Re’ =~ 1 for wave onset, a
routine calculation gives

Re’ =
VRT 1 3¢ £'n ¢ _
(% ){ T‘s‘+mz—_7>}<f“l>—1
(8)

Equation (8) may be used to predict wave onset as a func-
tion of the important physical variables. We consider both
die and open-bath coating.

In the case of die coating, the film thickness is expected
to depend primarily on the die characteristics and is rela-
tively insensitive to drawing speed. From Equation (8),
we find that wave onset depends strongly on coating vis-
cosity and is independent (to a first approximation) of
drawing speed. This follows from introducing the definition
of T and rearranging

gR? 1
5 = 9
O] ()
where "y
_ 1 ¢
F6) = (¢~ 1) g (1= 38 + 5o

For a given fiber, this yields the estimate » =[gR3[f(£)[]1%
for instability, or the reverse inequality as a lower bound
on » to insure stability.

In the case of open-bath withdrawal, the film thickness
and the drawing rate are not independent quantities. From
Figure 1

(1—¢)°T = (h—-R)2—5_§—:g(§) (10)
"
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where g(¢) is a weak function of £, and g(1) — 1. Com-
bining (8) and (9), we find a relation between drawing
rate and viscosity

\4 (&)
DR ()

where ¢ and T are related through (10).

We may state the following conclusions.

1. Deryaguin’s method for computing the maximum film
thickness has been confirmed.

2. In both open-bath and die coating, the growth rate of
a disturbance decreases with increased pulling speed at a
fixed thickness. For any given pulling speed, open-bath
coating is relatively more unstable than die coating.

3. There is apparently an optimum coating speed in
open-bath coating.

4. In die coating, the onset of waves is dependent
mainly upon coating viscosity. In open-bath drawing, the
criterion is the ratio of drawing speed to viscosity. In-
creases in V or decreases in » lead to wave inception.

There is a great need for experiments to substantiate
these predictions.

NOTATION
c wave or shock speed, dimensionless
Ca capillary number

acceleration of gravity, m/s®
Goucher number

radial location of film surface, m
volumetric flux, dimensionless
cylinder radius, m

Reynolds number

modified Reynolds number
inverse pulling speed, dimensionless
velocity, dimensionless

cylinder velocity, m/s

axial distance, dimensionless
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Greek Letters

wave number, dimensionless

wave amplitude, dimensionless

fluid viscosity, N/s m?

kinematic viscosity, m2/s

fluid density, kg/m3

surface tension, N/m

radial location of film surface, dimensionless
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Predicting Diffusion Coefficents

Lynch (1974) showed that most available correlations
for predicting diffusion coefficients underestimate the mag-
nitude. It is clear that there is a need for a simple expres-
fiion which can predict gas-liquid diffusivities with confi-

ence.

Hildebrand (1971), following the work of Batschinski
(1913), has shown that liquid molal expansion is, in real-
ity, very small, and therefore conventional theories for the
liquid state are likely to be unrealistic. When applied to
diffusivity, this means that there is little basis for using an
Arrhenius type of relationship for the temperature depen-
dence of diffusion coefficients, especially at lower tempera-
tures.

In this note we use this concept of Hildebrand to arrive
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at an equation for gas liquid diffusivities. Following Hilde-
brand, we write
Va® )2/3

DAB = DBB (VA°

(1)

where Dgp is the solvent self-diffusion coefficient, and
Vz*® and V4* are the critical molal volumes for solvent and
solute, respectively.

Dullien (1972), using the effective molecular diameters
in liquids, has developed an equation for predicting self-
diffusion coefficients in liquids:

Vg® )2/3 RT
N “Vs

DBB = 0.088 ( (2)
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